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1. Introduction
This thesis aims to replicate the main results and methods found by Grishina et al.
(2016)1 . It elaborates on the considerations when implementing a genetic algorithm for
prospect theory-based index tracking as described in the original work and presents
alternative parameters to improve convergence properties.
It is motivated by a renewed focus on the importance of scientific replication in
economics, as explained by Alm (2010). Chang et al. (2018) illustrated the hardship
of doing so: After analyzing 67 macroeconomic papers that were published in "well
regarded economic journals", they were only able to recreate the results in less than
a third of the time without contacting the respective authors. Mueller-Langer et al.
(2017) show that less than 0.1% of the papers published in top-50 economic journals
are replication papers. The repercussions are not only limited to academia but also
affects the image held by the general population towards the field.2
Based on the suggestions made by Alm (2010) and King (2006), who set guidelines for
the replication of academic papers, the thesis’s main goal is to fully describe its own
methodology and computations in order to ensure that any reader is able to replicate
the results herein presented. Descriptive gaps in the work of Grishina et al. (2016)
are closed mainly through two channels:
• A doctoral thesis, which precedes the original paper and is from one of its
authors (Grishina (2014)). Even though the dissertation was not explicitly
named by the authors of the original paper, it shows a large descriptive overlap
with the paper by Grishina et al. (2016). More importantly, since the reported
results are exactly the same in both works, it can be reasonably concluded that
any additional information found in the dissertation, can be considered (with
care) to be valid for the published paper as well, i.e. the same computational
results are based on one and the same implementation.
• Controlled methodological experiments, i.e. tweaking of the replicated algorithms.
Both these channels, were used with care and the intent to recreate the work of
Grishina et al. (2016) as faithfully as possible.
The following structure is used for the remainder of this thesis: First, the necessary
economic theory is described, beginning from the notation of basic portfolio optimiza1

N. Grishina et al. (2016). “Prospect theory–based portfolio optimization: an empirical study
and analysis using intelligent algorithms”. In: Quantitative Finance 17.3, pp. 353–367. doi:
10.1080/14697688.2016.1149611
2
e.g. a recent Bloomberg opinion article titled: "Why Economics Is Having a Replication Crisis" https://www.bloomberg.com/opinion/articles/2018-09-17/economics-getsit-wrong-because-research-is-hard-to-replicate
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tion (section 2) to index tracking (section 3) and ending in prospect theory-based
index tracking in section 4. In order to solve the models, heuristic algorithms are used,
which are introduced in section 5. Section 6 elaborates on the replication methodology
and the data used. Sections 7 and 8 report the quality of the replicated algorithm,
present alternative parameters and compare the results of the complete models with
the original ones. Section 9 elaborates on this comparison by giving further insight
into the original descriptions and implementation of Grishina et al. (2016), discusses
assumptions and attempts to better explain the discrepancies between them.

2. Preliminary Models and General Notation
The optimization problems that Grishina et al. (2016) attempt to solve in their paper,
can be separated into two broad categories:
1. Basic index tracking problems, i.e. attempting to minimize a predefined tracking
error function, which represents the difference between (the returns of) an index
and (the returns of) a portfolio consisting of the index’s components over a
given time period.
2. Prospect Theory-based problems, which attempt to maximize a non-linear utility
function, based on the well-known theory by Kahneman et al. (1979). Specifically,
enhancing the basic index tracking problems with behavioral insights.
The original paper’s presentation of these models as building upon each other is
adapted in this thesis. Additional details and literature are introduced in order to
build the theoretical context necessary to uphold the practical decisions made in the
latter half of the thesis.

2.1. General Portfolio Optimization
The following notation and considerations are based on Markowitz (1952, 1959), which
mark the beginning of Modern Portfolio Theory (MPT), a theory that attempted to
quantify the general asset allocation decision that investors face when putting together
a portfolio consisting of different assets .
Let a portfolio x be defined as a set of N asset weights w. Its elements sum up to
1, so that they can be interpreted as actual weights, i.e. proportions of the whole
portfolio:
x = (w1 , . . . , wN )
N
ÿ

wi = 1

i=1

2

(1)
(2)

wi Ø 0,

i = 1...N

(3)

Here, the additional non-negativity condition (eq. (3)) follows the real life restriction
of short sales (Jarrow 1980). Furthermore, let the expected return rx of a given
portfolio be defined as
rx = w1 µ1 + · · · + wN µN =

N
ÿ

wi µi

(4)

i=1

where µi with i = 1, . . . , N are each asset i’s assumed or expected returns. There
are different methods on how to form these expectations, e.g. taking the mean of
historical (known) returns over a given time period. However, as Markowitz (1991)
explains, MPT is based on the simple insight, that, no matter which method is used,
the real returns are inherently uncertain in an investment context and if they were not,
any agent would maximize the expected value of their portfolio by simply maximizing
the weight that belongs to the asset with the highest expected return.
Accordingly, agents have to incorporate this real uncertainty as a "risk", which
Markowitz (1952) quantified by measuring the variance of the portfolios expected
return.
This subsequently lead to the modern understanding of diversification, i.e. the
combination of assets based on their correlations to minimize the portfolio’s return
variance. Modern portfolio theory is ultimately concerned with the rationality of riskaverse investors and shows that an optimal asset allocation could be calculated with
only the individual assets’ covariance and their expected returns (Markowitz 1952).
The complete optimization problem of MPT, also called mean-variance optimization,
can be formulated in the following way:
min

N ÿ
N
ÿ

wi wj ‡ij

(5a)

wi µi = Rú

(5b)

wi = 1

(5c)

i=1 j=1

s.t.

N
ÿ
i=1
N
ÿ
i=1

wi Ø 0,

i = 1, . . . , N

(5d)

The optimization aims at minimizing the portfolios return variance (eq. (5a)) under
the constraint of reaching a certain return goal (Rú ). Where N ,w,and µi are defined
as before, ‡ij is the covariance of asset i’s and j’ returns (in case i = j it becomes the
variance).

3

q

q

N
ú
It is equivalently possible to set a variance goal, i.e. N
i=1
j=1 wi wj ‡ij = V and then
setting the maximized expected return as the objective function of the optimization.
A mean-variance pair is called efficient, when it’s optimized in either aforementioned
way.

Elton et al. (1997) explain that historically, index models (i.e. single factor models)
were used to reduce the computational complexity of the aforementioned mean-variance
optimization. For instance, the diagonal model, developed by Sharpe (1963), uses a
market index or "any other factor thought to be the most important single influence
on the returns from securities" (Sharpe 1963) in a linear regression model to derive
the parameters that are used to calculate the expected returns and covariance inputs
indirectly3 .
Equipped with the most basic form of the problem, two possible extensions to (eq. (5)),
as described by Chang et al. (2000), will be addressed in the following sections:
• Inclusion of other constraints, e.g. transaction costs, to better reflect real-life
considerations or limitations.
• Considering different measures of "risk", to better reflect the uncertainty considerations of agents.

2.2. Adding Cardinality Constraints
Transaction costs affect the portfolio by making portfolios that trade less frequently
more attractive. They can be included explicitly, e.g. by modifying the objective
function of the problem, as illustrated by Adcock et al. (1994), or by including
transaction costs as constraints, shown by Beasley et al. (2003).
Alternatively, Chang et al. (2000) and Jobst et al. (2001) implement them indirectly,
through inclusion of a constraint on the number of assets that are ought to be held
in the optimized portfolio. This naturally precedes a reduction in transaction or
maintenance costs of a portfolio, by assuming less frequent trading needs.
Such constraints on the cardinality of the portfolio can be supplemented with a
minimum weight for each asset that is included in the portfolio, i.e. buy-in constraints,
which can be interpreted as a limitation on additional costs that occur through very
small positions (Jobst et al. 2001). Grishina et al. (2016) implement the following
constraints:

3

For an analysis of 100 securities, the number of estimates reduces from 5,150 to 302, according to
the author.

4

N
ÿ
i=1

(6)

zi Æ K

‘i zi Æ wi Æ ”i zi ,
zi œ [0, 1],

Y
_
]1

i = 1, . . . , N

(7)

i = 1, . . . , N

(8)

if wi ”= 0
zi = _
[0 otherwise

(9)

where cardinality limit K constraints the number of positive asset weights4 and ‘
and ” determine the minimum and maximum weight that an included asset can have,
respectively. The constraints are codified with by using binary variable z, which
indicates whether an asset is held, i.e. it constraints only non-negative asset weights
wi .
A problem including these additional constraints, is classified as a (quadratic) mixedinteger programming problem (QMIP) as described by Bienstock (1996) or more
generally a nonlinear mixed-integer programming problem as described by Borchers
et al. (1994), who subsequently suggest a branch and bound algorithm to solve it.
The details of such a solution approach are omitted here, since Grishina et al. (2016)
use commercial software to solve their mixed integer problems.
The inclusions of eqs. (6) to (8) are important for the models in the remainder of the
thesis, which subsequently will be marked "CC", if they include them.
The next chapters, are going to introduce an alternative approach to portfolio optimization, which takes a different perspective on agents’ risk and return considerations than
standard mean-variance optimization, by attempting to track a market index.

3. Basic Index Tracking
As previously mentioned, the first model that Grishina et al. (2016) implement, is an
index tracking model.
Such models develop naturally from passive portfolio strategies, i.e. strategies that are
generally characterized by diversified, broad, market portfolios. They aim to achieve
the average market or segment return (benchmark), as opposed to active investing
strategies, which select specific assets to buy and sell in order to outperform the
4

The cardinality constraint has been formulated as an inequality instead of an equality here, for
increased clarity, i.e. to be in tune with the constraints of the models by Grishina et al. (2016).
For more details on the difference see (Woodside-Oriakhi et al. 2011)

5

market.5
Passive portfolio managers generally want to keep the portfolio’s performance as close
as possible to their benchmark market. Consequently, this tracking error is going to
be set as the main objective function, i.e. the value that is attempted to be minimized
in order to find the optimal portfolio solution. The distinction can be traced back to
Treynor et al. (1973).
As the name suggests, index tracking makes use of asset indices as proxies and has
rapidly gained in popularity, especially due to the emergence of exchange-traded funds
(ETFs): According to a survey by Kealy et al. (2017), there has been a steady increase
in market share of ETFs compared to other open-end funds.
As Rudd (1980) describes, a passively managed fund that seeks to fully replicate an
index, could do so by purchasing all it’s components individually and rebalance the
weights to match the index when it changes. This would, however, come at higher
administrative costs in addition to costs based on more frequent dividend reinvesting
needs, which arise over the holding time. In other words, sparse portfolios can limit
costs, by trading fewer assets to replicate the index, but come with a generally
unwanted increase in the difference between portfolio returns and index returns.
Balancing this trade-off forms the core of the index tracking optimization problem
(Takeda et al. 2012). The following chapter focuses specifically on the mathematical
formulation underlying the index tracking portfolio strategy.

3.1. Measuring the Tracking Quality
Grishina et al. (2016) define their tracking error measure in the following way:
TEGr =

T
ÿ

TEGr,t =

t=1

T
ÿ
t=1

|rx,t ≠ It |

(10)

Here, TE is formulated as the sum of each time period’s t (with t = 1, . . . , T ) absolute
difference between portfolio return rx,t and Index return It . The previous portfolio
return definition rx (eq. (4)) has been naturally extended to include a time dynamic:
rx,t =

N
ÿ

wi,t µi,t ,

,

t = 1, . . . , T

(11)

i=1

wi,t is each assets portfolio weight in period t and µi,t now specifically denotes each
asset’s (known) past return in period t. Because they are looking at past returns,
5

For discussions on passive vs. active investing, the reader may refer to the works of Barber
et al. (2000) for its effects on individual trading performance, French (2008) for a view on the
implications for the whole economy, Braun (2016) for a political economics perspective and
Deville (2008) for the history of ETFs.

6

the problem becomes retroactive, and thus, determines a portfolio that would have
performed well during that observed time period.
To motivate their choice, the authors state that it’s the "simplest possible way" and
further, that the tracking error can be "defined in different ways". Since it fulfills two
crucial roles, one as the metric given in the majority of results tables in the original
paper, and one as the objective function of the index tracking optimizations, this
chapter attempts to give further insight into these statements.
Using the explanations of Rudd (1980), a tracking error measure, generally, can
be broken down in long term deviations of the portfolio’s and index’s returns, i.e.
deviations of the means and short-term fluctuations of the residuals. Within the
well-known framework of the Capital Asset Pricing Model (CAPM) (Sharpe 1964), this
would correspond to systematic and unsystematic risk, respectively. The latter, is a
direct consequence of lower diversification of sparse portfolios, which also ties in to the
variance considerations of the previously described mean-variance optimization.
Consequently, Rudd (1980) suggests an index tracking optimization that minimizes the
portfolios residual variance, while simultaneously constraining the portfolio’s (CAPM)
beta to be 1, i.e. minimizing diversifiable risk. This is comparable to "Tracking Error
Variance" as defined by Roll (1992).
It is important to note, however, that using the variance of the difference between
returns (rx,t ≠ It ), ignores the role of a non-volatile bias, i.e. it includes a shift: As
Beasley et al. (2003) explain, in the case of rx,t = It ≠ M ’t, where M > 0 represents
a constant underperformance of the portfolio, Var(rx,t ≠ It ) = Var((It ≠ M ) ≠ It ) =
Var(M ) = 0. Since the measure would fail to show any tracking error in this
hypothetical case, other definitions should be considered.
Beasley et al. (2003) themselves define a more direct TE measure:
TEBe,–

1
=
T

C

ÿ
tœS

–

|rx,t ≠ It |

D(1/–)

(12)

where rx,t and It are defined as above. T is again the number of total time periods
observed. Additionally, – > 0 is a penalization coefficient for differences between rx,t
and It . As an example, TEBe,2 , i.e. setting – = 2, leads TEBe,– to correspond to the
root mean square error6 . S modifies the set of time periods which are included for
the calculation, i.e. S = {t|t = 1, . . . , T } would include all available time periods,
while for instance S = {t|rx,t < It , t = 1, . . . , T } only takes into account the periods
when the portfolio return is less than the index return. According to Beasley et
6

Ô
T.

for equivalency, the factor 1/T would, instead, need to be 1/
optimization, as shown below

7

However, this is irrelevant for the

al. 2003, the latter would correspond to the definition of downside risk7 . TEBe,–
allows for generalizations through parameters – and set S, which in turn, allows
for such techniques as cross-validation (Stone 1974) in order to potentially improve
out-of-sample performance.
Takeda et al. (2012) use a very similar measure8 :
TETa =

1
(Îrx ≠ IÎ2 )2
T

(13)

Where, rx = (rx,1 , . . . , rx,T )| and I = (I1 , . . . , IT )| are (T ◊ 1) vector representations
of the portfolio return rx,t and index return It over time periods t = (1, . . . , T ),
respectively. The p-norm9 of any given vector z œ Rn , is defined as:
1
p

ÎzÎp := (|z1 | + · · · + |zn | ) =
p

p

A n
ÿ
i=1

p

|zi |

B1

p

,

pØ1

(14)

Next, it will be shown that TETa can be reformulated into the mean of the squared
deviations between the portfolio returns and market index return:
TETa =
=

=
=
=

1
Îrx ≠ IÎ22
T

(15)

.Q
.Q
R Q R.2
R.2
.
.
.
I1 ..
. rx,1
. rx,1 ≠ I1 .
.
c
d
c
d
.
.
c
d
.
1 .c . d c . d.
1 .c
..
d.
.c .. d ≠ c .. d. = .c
d.
.
b a b.
b.
T ..a
T ..a
.
.
. rx,T
.
.
IT 2
rx,T ≠ IT .2
S
T
C T
D 12 2
ÿ
1W
X
|rx,t ≠ It |2 V
U

T

(16)

(17)

t=1

T
1ÿ
|rx,t ≠ It |2
T t=1

T
1ÿ
(rx,t ≠ It )2
T t=1

’rx,t , It œ R

(18)
(19)

Obviously, TETa can also be explicitly formulated in relation to TEBe,– by setting
– = 2. Then TETa = T · TE2Be,2 .
It is now straightforward to return to TEGr as defined by Grishina et al. (2016) and
include it in the more general frameworks:
TEGr =

T
ÿ
t=1

7

(20)

|rx,t ≠ It |

which is comparable to the definition of ’Semi-Variance’ in Markowitz (1959, pp. 188–204)
They falsely call this measure "Tracking Error Variance" explicitly citing Roll (1992), however the
norm notation does not lead to a centered variance measure (as seen in eq. (19)) and thus, it
doesn’t include the shift problematic that was described earlier (see Karlow (2012, p. 59))
9
see Golub et al. (2013, p. 69) for a detailed introduction and properties
8

8

T
= Îrx ≠ IÎ1 =
T
= T · TEBe,1

C T
ÿ
t=1

1

|rx,t ≠ It |

D 11

(21)
(22)

which allows for the use of common properties of the p-norm, if needed. For instance
Ô
Îrx ≠ IÎ2 Æ Îrx ≠ IÎ1 Æ T Îrx ≠ IÎ2 (Golub et al. 2013, p. 69).
Aggarwal et al. (2001) argue that the p2-norm and generally all higher p-norms are
often not preferred to the lower ones, like the p1-norm, in optimization problems with
higher dimensionality, because the lower p-norms show weaker distance concentration,
i.e. are better able to mitigate the "curse of dimensionality" (s.Biau et al. (2015) for
an in-depth analysis). Accordingly, possible extensions of the index tracking model
could look at the effects of using fractional-norms, which the Aggarwal et al. (2001)
define as p-norms with 0 < p < 1. In practice, however, larger p-norms play a more
important role, "especially when large errors are particularly undesirable" (Takeda
et al. 2012).
Moreover, it should be noted that even though these traditional tracking error measures
are very popular, they don’t incorporate a potential negative serial autocorrelation
of (rx,t ≠ It ). This estimation bias has been described by Pope et al. (1994) and
can be potentially solved by using compounded returns (Karlow 2012), however, a
detailed discussion has been omitted due to the scope of this thesis: Grishina et al.
(2016) don’t use the tracking error for it’s properties as an actual measurement, i.e.
using it as a performance metric to compare different index funds or to determine the
compensation of an index fund manager, but rather as the objective function in the
index tracking optimization problem.
In this case, it is possible to streamline the comparison of different tracking error
definitions, through the use of the following lemma:
Lemma 3.1. If g : R æ R is a monotone increasing mapping, then the problem
minf (z) is equivalent to min g(f (z)).10
z

z

e.g. both the optimization with objective function TEGr and T · TEBe,1 should result
in the same optimal portfolio, but not the same objective function value, since T > 0
means g(z) = T · z is a monotone transformation.

3.2. Formulation of the Optimization Problem
In order to solve min TEGr , Grishina et al. (2016) linearize the absolute value function
x
of their tracking error. This is done by introducing supplementary variables ot ©
max(rx,t ≠ It , 0) and ut © max(It ≠ rx,t , 0). ot and ut represent the portfolio’s
10

proof in appendix A.2

9

overperformance and underperformance compared to the index returns for each time
period t, respectively, and are always non-negative:
TEGr,t = |rx,t ≠ It | = ot + ut =

Y
_
]ot

_
[ut

if ot Ø 0

otherwise

(23)

This implies the variables have mutually exclusive positive values. Thus the absolute
value function can be substituted by the supplementary variables (Mangasarian 2006),
which leads to a linear model similar to the ones introduced by Konno et al. (1991)
and Speranza (1996).
It is now possible to formulate the complete index tracking optimization problem with
additional constraints (ITCC ), used by Grishina et al. (2016) , through the combination
of the linearized tracking error (as the objective function) (eq. (23)), the constraints
relating to the portfolio definitions and weight restrictions (eqs. (1) to (3)), and the
cardinality constraints (eqs. (6) to (8)) to limit the number of assets and introduce
buy-in restrictions:
min TE =

T
ÿ

(ot + ut )

(24a)

t=1

s.t.

rx,t ≠ It = ot ≠ ut ,
N
ÿ

t = 1, . . . , T

wi = 1,

(24b)
(24c)

i=1

‘i zi Æ wi Æ ”i zi ,
N
ÿ
i=1

i = 1, . . . , N

(24d)
(24e)

zi Æ K,

zi œ {0, 1},
wi Ø 0,

ot , ut Ø 0,

i = 1, . . . , N

(24f)

i = 1, . . . , N

(24g)

t = 1, . . . , T

(24h)

The optimization problem (24) is a linear mixed-integer problem (LMIP). In total,
it requires optimization of N binary variables (zi ) and N + 2T continuous variables
(wi , ot , ut ). Similar constraints have been implemented by Scozzari et al. (2012).
Grishina et al. (2016) also perform an IT optimization without cardinality constraints,
which they describe as the same optimization problem as above, except that K = N ,
i.e. the cardinality limit being the total number of available stocks. It is assumed
that they actually mean the optimization problem without cardinality constraints
and without buy-in constraints, i.e. the optimization omitting binary variable zi and
all its related constraints. This assumption is substantiated by the descriptions in
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Grishina (2014).
Lastly, Grishina et al. (2016), also report values for the total overperformance and
underperformance of an portfolio over all time periods, which are defined as otot ©
qT
qT
t=1 ot and utot ©
t=1 ut , respectively.

4. Prospect Theory-based Index Tracking
The second model implemented by Grishina et al. (2016), is based on a behavioral
approach to portfolio optimization and index tracking.
Behavioral considerations can be subdivided into two generations according to Statman
(2018):
• the first generation of behavioral finance acknowledges standard finance’s definition of rational wants, i.e. risk minimized returns, but it also identifies systematic
irrational behavior, e.g. judgment biases. Based on this consideration, asset
managers could offer products or portfolios, which mitigate the influence of
these irrationalities.
• the second generation of behavioral finance goes beyond the standard finance’s
definition of rational wants and potentially includes goals such as hope for riches.
Based on this consideration, asset managers could offer products that specifically
target such wants in exchange for lower returns, in the hope to increase the
overall ’value’ for the customer.
This breakdown invites thinking about asset allocation as a versatile tool, which,
depending on the specifics of the optimization model, can aim to achieve a number
of very different goals. The behavioral inclusions made in the model of Grishina
et al. (2016), which is analyzed in the following section, represent only a fraction
of possible considerations. For this reason, the following sections are purposefully
more qualitative to preserve this versatility. The authors present a simplified Prospect
Theory model and combine it with the basic index tracking model.
In a series of papers, Kahneman et al. (1974, 1979, 1992) discover several decision biases
which economic agents tend to make when faced with a decision under uncertainty.
They determine these heuristics 11 through surveys which show that the agents’ choices
seemingly go against the standard economic definition of rationality, i.e. violate the
expected utility hypothesis. Subsequently, they develop and refine a framework called
Prospect Theory, which models the preferences of an agent by analyzing a given
decision problem in two stages: Editing and Evaluation.
11

i.e. shortcuts, not to be confused with heuristic algorithms
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Decision weight ﬁ

Value vpt

losses

Reference
Point

gains
Probability p
(b) PT probability weighting function compared
to ﬁ(p) = p (dotted line)

(a) PT value function

Figure 1: Prospect Theory evaluation stage functions

Kahneman et al. (1979) explains that In the editing stage, the potential outcomes of
the decision are redefined in relation to a reference point, i.e. transformed into gains
and losses instead of final value. Other steps, e.g. pooling same outcomes together,
are taken, all of which are meant to address how the different outcomes are actually
perceived by a decision maker. In the evaluation stage, the edited outcomes are then
given a value and their respective probabilities are weighted, to incorporate several
other mental adjustments, which lead to deviations from the predictions of standard
expected utility theory.
In the following, the most important attributes of the value and decision weighting
functions are explained by analyzing the attributes shown through the equations and
corresponding plots. The final value of a lottery is defined by Kahneman et al. (1979)
as:
Vpt =

J
ÿ

ﬁ(pj )vpt (yj )

(25)

j=1

Where yi represents a potential gain or loss (i.e. the edited outcomes in relation to a
reference point) for a lottery’s outcome j, which occurs with corresponding probability
pj . Vpt is the prospect (utility) of the whole lottery. It consists of each vpt (yj ), the
value of a given yj and ﬁ(pj ), the decision weight given probability pj , according
to:
vpt (y) =
ﬁ(p) =

Y
_
]y –

_
[≠⁄(≠y)—

for y Ø 0
for y < 0

p“
(p“ + (1 ≠ p)“ )1/“

(26)
(27)

Here –, —, “ œ R are model parameters. The general features of these functions are
illustrated in Figure fig. 1. Equation (eq. (26)) is non-linear, as it behaves very
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differently depending on whether gains or losses are considered. Specifically, for values
–, — Æ 1, it is concave for gains and convex for losses, representing risk-aversion
and risk-seeking preferences, respectively (Kahneman et al. 1992). This is done to
incorporate the underlying observed behavior, called reflection effect, by Kahneman
et al. (1979). Additionally, the function’s sensitivity diminishes as it gets further from
the reference point. Kahneman et al. (1992) demonstrate that ⁄ > 1 implies the value
of any gain is smaller than the absolute value of the equally sized loss. This is called
loss aversion and represents a central observation of the authors, especially for the
context of this thesis.
The decision weight function (eq. (27)) overvalues small probabilities and undervalues
moderate and large ones, i.e. people show limited sensitivity to changes in the middle
of the probability range.12
Kahneman et al. (1992) provide ⁄ = 2.25 and – = — = 0.88 as median values based
from their experiments, which are adapted by Grishina et al. (2016), however, other
values are possible, e.g. Rieger et al. (2017) suggest slightly lower values on average,
in addition to country-specific values.
Intuitively, the index is a suitable reference point to define gains and losses in the
context of passive portfolio strategies, which, as described earlier, attempt to replicate
the average performance of a market.
This results in what Grishina et al. (2016) simply call "Prospect Theory with Index
Tracking" (PTIT,CC ). Instead of minimizing the distance to an index as before, an
optimal portfolio in this model maximizes the prospect utility based on eq. (25), with
yj = rx,t ≠ It . ﬁ(p) = p is set by the authors for simplicity. The other constraints
follow directly from the ITCC problem in eq. (24).
max PTIT (x, I) =

T
ÿ
t=1

s.t.

N
ÿ

pt vpt (rx,t ≠ It )

wi = 1,

(28a)
(28b)

i=1

‘i zi Æ wi Æ ”i zi ,
N
ÿ
i=1

i = 1, . . . , N

(28c)
(28d)

zi Æ K,

zi œ {0, 1},

i = 1, . . . , N

(28e)

The value and decision weight function are defined as before in eq. (26) and eq. (27).
12

Kahneman et al. (1979) further differentiate between decision weighting for probabilities of gains
and losses. This aspect and the violation of stochastic dominance in prospect theory, where
purposefully omitted in this section, since decision weighting was not integrated in the model of
Grishina et al. (2016).
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Thus, this optimization problem explicitly makes the underperformance of a portfolio
compared to the index subject to loss aversion. The short sale constraint wi Ø 0,
’i has not been explicitly mentioned in this model by Grishina et al. (2016) but is
implicitly included if ‘i Ø 0.
Furthermore, a basic version of the prospect theory model (without index tracking or
cardinality constraints), which Grishina et al. (2016) reportedly use for parameter
optimization of the algorithms (s.section 7.1), is formally included in the appendix A.3,
for completeness.
Now that the theoretical models and problems have been sufficiently specified, the
remainder of this thesis will elaborate on the implementation of solution techniques
and then proceed to report their results.

5. Adaptive Optimization Methods
As described in Grishina et al. (2016), the complexity of the prospect theory-based
index tracking problem (eq. (28)), makes it difficult to solve with traditional optimization algorithms in a reasonable amount of time. Thus, heuristic algorithms, i.e.
search techniques involving randomness, are used to reduce computation time and
make optimization feasible (Oh et al. 2005; Woodside-Oriakhi et al. 2011).
Based on Storn et al. (1997) and Wilding (2003) and the demonstrations in Chang
et al. (2000), a set of standards to determine the practicability of optimization methods
is derived. A good method shares the following traits:
1. Usability that is independent of the objective function’s complexity, i.e. being
able to handle non-differentiable and non-linear functions
2. The ability to easily impose complex constraints, e.g. including integer or binary
variables
3. Computational efficiency, e.g. usage of parallel computation
4. Ease of parameters choice, i.e. fewer control variables and consequently robust
optimization without the need of complex parameter tweaking
5. "Good convergence properties", i.e. the convergence should regularly and quickly
reach the global optimum.
For example, Price et al. (2006) explain the disadvantage of an optimization technique
that is dependent on the knowledge about the objective function’s gradient.
In the context of this thesis, it is necessary to use heuristics, which are suitable for the
maximization of objective function PTIT , as defined in eq. (28), which is non-linear
and non-differentiable, due to the characteristics of value function (eq. (26)). This is
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graphically visible through the existence of a kink in fig. 1a. Moreover, it must be able
to appropriately efficiently handle the integer constraints, i.e. the inclusion of variable
zi (eq. (28e)) and in extension, the cardinality (eq. (28d)) and buy-in constraints
(eq. (28c)).
Regarding good convergence properties, Holland (1992) makes the important distinction between enumerative and adaptive processes, where the former are "characterized
by the fact that the order in which they test structures is unaffected by the outcome
of previous tests", while the latter retain information about their past attempts. In
other words, an adaptive heuristic is guided (evolving) by applying a specific (partially
random) rule set. By this definition, fully random searches of the solution space
would still be considered enumerative. The author suggest that the applicability of
such plans is low, since the convergence is too slow, exactly because they search the
solution space in such a uniform way.
Accordingly, Grishina et al. (2016) use two adaptive heuristics: A specific implementation of a Genetic Algorithm (GAGr ) and a Differential Evolution algorithm
(DEGr ).
Genetic algorithms, as they are described in Holland (1992) and Goldberg (1989),
make qualitative use of biological evolution principles and nomenclature, i.e. Genetic
Mutation. This fact is leveraged in an attempt to describe both algorithms used in
Grishina et al. (2016) within the same descriptive framework to compare them more
intuitively.

5.1. Genetic Algorithms
Holland (1992) (and earlier: Holland 1962) described genetic algorithms as processes,
based on the mechanisms of genetic mutation of DNA, as they occur in nature13 and
describe their applicability for a number of different situations. The general structure
of the algorithm is illustrated in fig. 2.
In the context of portfolio optimization, a population consists of many different
portfolios, i.e. potential solutions. Fitness describes each portfolio’s value of the
objective function, i.e. PTIT (x), but could potentially incorporate other metrics. A
generation is defined as one iteration of the updating cycle, which consists of selection,
mutation and cross-over operations.
Selection determines which portfolios of the old population are used to form new
candidates for the next generations’ population. This can happen based on their
evaluations, where fitter portfolios have a higher chance to reproduce or directly
13

for an overview of such mechanisms: https://www.nature.com/scitable/topicpage/geneticmutation-441
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If Stopping Criteria
not reached
Initial
Population

Updating
(Selection,
Cross-over,
Mutation)

Evaluation
of Fitness

New
Population
else
Output

Figure 2: General Genetic Algorithm flowchart

continue to the next generation. The cross-over operation of the updating stage then
determines how the selected parent portfolios are combined in order to form a new
child portfolio, i.e. create new, potentially better solutions based on the old ones.
Lastly, mutation incorporates randomness into the process. It is important to note
that according to Holland (1992), "mutation’s primary role is not one of generating
new structures", i.e. in this case new portfolios and continues: "... a role [that is] very
efficiently filled by crossing-over" (Holland 1992, p. 124). Instead it should help the
algorithm to escape local optima. In other words, a genetic algorithm that exclusively
uses mutation to generate new solutions, is likely to perform enumerative.14
The remainder of this chapter is about the specific implementation used by Grishina
et al. (2016), which is illustrated in algorithms 1, 2, 4 and 5. As a reminder, N is
the number of total available assets, and K is the cardinality limit set to make the
portfolio sparse.
Initialization, i.e. the random creation of the first population of portfolios, is made
by creating a matrix of size S = P 2 . It is made sure that all of the initial portfolios
adhere to the optimization problems conditions and have different cardinality (see.
section 9.2). These initial dimensions are held constant over all other generations
and are illustrated in algorithm 1. P is an input parameter that is used twice: First,
to determine the population size S and then again, during the selection stage, to
determine a number of most fit portfolios that are chosen to proceed into the next
population directly (2P ). Since these portfolios are chosen based on their ranked
fitness and proceed without being changed, the new population can not have a lower
maximum fitness than the old one. This is an implementation of an elitist rank-based
selection, as introduced by Baker (1985) and De Jong (1975). Only the remaining
(less fit) portfolios are chosen randomly as pairs of parents.
14

There is still some history dependence, since mutations tend to be only small changes from the
past population. As the author clarifies, it is a lack of sophistication of the evolution, however,
that limits the usability of such a hypothetically pure mutation genetic algorithm and makes it
comparable to enumerative processes.
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In the crossover stage, a new portfolio (child) is created. Its asset weights are dependent
on the respective asset weights of the parent pairs: When both parents have a weight
that’s positive, the child’s asset weight is a recombination based on a random variable
‰ ≥ U(0, 1). When only one is positive, the non-zero asset weight is copied with
probability ﬁCR . When neither is positive, the child’s asset weight is set to zero.
Afterwards, in the mutation step, some of the child’s asset weights that are zero
(Grishina 2014), are randomly chosen (with probability z) to be positive values within
a single assets buy-in constraint limits (eq. (28c)).
After normalization of the asset weights, i.e. re-calibration of the weights to ensure
they sum to 1 to be in accordance with eq. (28b), the buy-in constraints and cardinality
constraint are checked: Since Grishina et al. (2016) don’t describe details on how the
former is implemented, it is assumed that the buy-in constraints are checked simply
by rejecting any weights that lie under the limit ‘, as described by (Michalewicz et al.
2004, p. 239).
The cardinality check has been described in detail by Grishina (2014): If there are less
than 3 positive elements in a population’s portfolio, the algorithm randomly replaces
zero weights with randomly chosen positive values. If there are more than than K
positive assets in the checked portfolio, the algorithm randomly eliminates positive
weights,i.e. sets them to zero, until the condition is fulfilled.
Finally, only the fittest portfolio from the family (consisting of two parent portfolios
and the child portfolio) is stored in the new population. This is another elitist
adjustment.
Grishina et al. (2016) includes another step called assessment, which ensures that the
new population is only used in the next generation if they have a higher maximum
fitness, than the old (unchanged) population of the current generation. The details
and potential redundancy of this step and discussed in chapter (section 9.1).
After the algorithm reaches the final generation, as specified by parameter G, the
portfolio with the maximum fitness, i.e. corresponding to the highest value of PTIT ,
in the final population is chosen as the optimal solution. algorithm 2 summarizes
the process. See appendix A.1 for the pseudo-code representations of the Genetic
algorithm’s intermediate operations.

5.2. Differential Evolution
The Differential Evolution algorithm was first introduced by Storn et al. (1997),
and further elaborated on by Price et al. (2006). The general idea is similar to the
genetic algorithm, thus, the following section is written in terms of a comparison
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Algorithm 1 Population Initialization for GAGr and DEGr
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:

procedure Initialize Population(P ,K,‘)
S Ω P2
//Population Size
Matrix X0 Ω xs,n , with s œ [1, . . . , S] and i œ [1, . . . , N ]
for sΩ1 to S do
//each xs represents a portfolio of the population
get random L œ [3, K]
//random number of positive asset weights
get ul ≥ U(0, 1), l œ [1, . . . , L]
//from Uniform distribution
xs,l Ω 0.1 + 0.9 · ul , ’l œ [1, . . . , L]
//limits range of positive weights
xs,n Ω 0, ’n œ [K, . . . , N ]
q
xs,i Ω xs,i/ Nn=1 |xs,i |, ’i
//normalization
if xs,i Æ ‘ then xs,i Ω 0
//eliminate weights below buy-in constraints
end if
q
xs,i Ω xs,i/ Nn=1 |xs,i |, ’i
//normalization
scramble xs
//Distributing the weights over different stocks
end for
return X0
end procedure

Algorithm 2 Main Genetic Algorithm GAGr for PTIT optimization
procedure GA for PTIT (K, P, G œ N, z, ﬁi , œ RØ0 )
Get initial Population of portfolios X0
//Initialization, algorithm 1
for g Ω 1 to G do
if g = 1 then X Ω X0
//the population matrix in the 1. generation
end if
get PTIT (xs ), ’s = 1, . . . , S
//Evaluate each portfolio’s fitness; S = P 2
Set order ms such that PTIT (xm1 ) Ø · · · Ø PTIT (xmS ) //sort based on fitness
yf Ω xmf for f = 1, . . . , 2P //2P fittest portfolios directly stored in new population
for q Ω 1 to (S ≠ 2P ) do
get random {x̃mj , x̃mk |2P + 1 Æ j Æ P 2 , 2P + 1 Æ k Æ P 2 } //"Parents"
get cq
//"Child" acquired by Crossover & Mutation, algorithm 4
check cq //Cardinality and buy-in constraints, and normalization, algorithm 5
yq+2P Ω {x œ {cq , x̃mj , x̃mk }| max PTIT (x)}
//fittest ’family’ member
end for
Y Ω yi ’i
//new population Y
if max{PTIT (yq ), ’q} Ø max{PTIT (xs ), ’s} then
//Assessment Stage
XΩY
//new population Y overwrites current population X
end if
end for
xú Ω {xi |PTIT (xi ) = maxPTIT (xi )}
//Get Optimized Portfolio in g = G
xi
ú
21:
return x
22: end procedure
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:

to the last section’s genetic algorithm. Supplementary information is provided in
appendix A.6.
As Grishina et al. (2016) describe, after initialization (algorithm 1), the algorithm
foregoes the evaluation stage, where previously, the fitness of all the population’s
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portfolios was assessed. Instead, updating and evaluation are executed in a much
more individual way: Each portfolio of the population (xs ) is compared to a mutated
"candidate" version x̃s , that is created through a mixture of xs and three other portfolios
(xa , xb , xc ) taken randomly from the population. Grishina et al. (2016) determine the
candidate’s individual asset weights depending on the crossover probability CRœ [0, 1]:
x̃s,i =

Y
_
]xa,i
_
[xs,i

+ (F + z1 ) · (xb,i ≠ xc,i + z2 ) with probability CR
else

(29)

Where xa,i , xb,i , xc,i , and xs,i denote each respective portfolios weight of asset i =
1, . . . , N , and the differential weight F œ [0, 2] is a parameter of the algorithm that
determines the scaling of weights during the mixture. Additional randomness is
introduced in the form of weights z1 and z2 , which are either normally distributed
with zero mean and a low standard deviation (i.e. N (0, 0.02)) or are just zero, with
a very low probability. According to the authors they are optional, but meant to
introduce additional randomness, much like the mutation operation in the genetic
algorithm.
This is done for all asset weights. In order to avoid the case where a candidate
portfolio is equal to the original portfolio, one asset weight of each portfolio is chosen
to be mutated into the recombined weight x̃s,i with certainty, i.e. with probability
CR=1.
Additionally, the complete candidate is further altered to satisfy the cardinality and
buy-in constraints and normalized to make sure the weights add up to one. This is
done analogous to the genetic algorithm (s. algorithm 5).15
After a candidate fulfills all the constraints of the optimization problem, it is finally
compared to the unaltered portfolio and whichever has the higher fitness proceeds to
the next generation’s population. This is comparable to the selection within a family
in the genetic algorithm and again incorporates the elitist approach: Since these steps
are done for all the portfolios of a population, the next subsequent generation starts
out with a population that is a mixture of mutated portfolios and unchanged portfolios,
each having won their respective comparisons. This means that the new population
can not only never have a lower maximum fitness than the previous generation’s
population but also won’t have a lower average fitness either.
Just as before, after the total number of generations G has been reached, the optimal
portfolio is then the portfolio with the maximum objective function value in the last
generations’ population.
15

A separate check for ” is omitted in the explanations, the normalization limits the size of each
asset weight to 1, which is equivalent to ” in all reported calculations of the original publication
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Arguably, the biggest difference between the two algorithms are their treatment of
populations, since the differential evolution algorithm treats portfolios much more
separately, while the genetic algorithm assesses them as a unit. Due to the broad
nature and variability of genetic algorithms, it is conceivable that certain combinations
of selection cross-over and mutation could yield extremely similar results to the
differential evolution’s cross-over and mutation recombination.
Algorithm 3 Main Differential Evolution Algorithm
procedure DE for PTIT (P, K, G œ N, CR, F, ‘ œ RØ0 )
Get initial Population of portfolios X0
//Initialization, algorithm 1
for g Ω 1 to G do
if g = 1 then X Ω X0
//the population matrix in the 1. generation
end if
for s Ω 1 to S do
//loop through the population; S = P 2
get random {a, b, c œ N| a, b, c Æ S · a ”= b ”= c ”= s}
get random {‹ œ N| ‹ Æ N }
//the asset chosen to certainly mutate
for i Ω 1 to N do
//loop through each asset weight
if with probability 0.9999 then z1 ≥ N (0, 0.02)
else z1 = 0
end if
if with probability 0.9998 then z2 ≥ N (0, 0.02)
else z2 = 0
end if
if with probability CR or s = ‹ then
x̃s,i = xa,i + (F + z1 ) · (xb,i ≠ xc,i + z2 )
//’Mutation’
else x̃s,i = xs,i
end if
end for
check constraints on x̃s
//analogue to algorithm 5
if PTIT (x̃s , I) Ø PTIT (xs , I) then xs Ω x̃s
end if
end for
end for
Optimized Portfolio xú Ω {xs |PTIT (xs ) = maxPTIT (xs )}
xs
27:
return xú
28: end procedure
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:

6. Replication Methodology
In the original work by Grishina et al. (2016), the authors report their main results in
terms of the tracking error of the optimized portfolio solution (eq. (24)). Since the
aforementioned algorithms’ objective function instructs them to maximize the prospect
theory based utility PTIT (eq. (28)), however, the results can not be directly compared.
Thus, this thesis uses the results of a supplementary parameter optimization, included
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in the appendix of the original publication to assess the quality of the replication
algorithms. This is possible, because these results are given in terms of the prospect
theory utility, i.e. the actual objective function value of the optimization.
Consequently, the remainder of the thesis is structured in the following way: First,
the replicated algorithms’ performance is assessed in section 7, as described above.
Based on the results, which show poor convergence compared to the original algorithm
when using the originally reported parameters, alternative parameters are introduced,
which improve the performance considerably. These are then used to derive replicated
results for the main optimization problems analyzed by Grishina et al. (2016) and
compared to the original results. The subsequent discussion (section 9) elaborates on
the details of the preceding computations.

6.1. Summary of the Optimization Problems
Grishina et al. (2016) and, accordingly, this thesis, introduced several optimization
problems and solution methods, which paired with different data-sets and possible
algorithm parameters, result in a large number of different possible computations.
Before continuing, an overview of the models is provided:
1. The index tracking problem, as it was introduced in section 3.2. Grishina et al.
(2016), implement two different versions, one with integer based constraints
(ITCC ), i.e. the full mixed-integer linear optimization problem, and a smaller
version (IT) without any integer constraints, i.e. a linear optimization problem
omitting eqs. (24d) and (24e). Both these versions are replicated using direct
implementations through the optimization software CPLEX16 . The results of
the replications are presented in section 8.1.
2. Prospect Theory based Index Tracking, which was introduced in section 4.
Again, the problem is implemented once with and once without cardinality
constraints. According to the authors, both implementations use PTIT,CC , as
defined in eq. (28). The problem without cardinality constraints, is then defined
as the special case of setting K = N , ‘ = 0 and ” = 1 in the general problem.
These problems are solved using the genetic algorithm described in section 5.1.
The results of the replication are presented in section 8.2
Additionally, for the performance assessment of the algorithms, the following model is
used by the authors:
3. The basic Prospect Theory (PT) problem, which is used in the original paper
for deriving the algorithm parameters for the aforementioned PTIT,CC problem.
16

https://www.ibm.com/analytics/cplex-optimizer
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Grishina et al. (2016) use the aforementioned GAGr and DEGr algorithms for
these calculations, but instead of dynamic index returns, a constant return is
used as the benchmark, cardinality is not limited, i.e. set to N , the whole asset
space, and buy-in constraints are removed. Additionally, it includes a constraint
on the mean return of the portfolio. It is formally described in appendix A.3.
The results of the replication of the parameter optimization are presented in
section 7.1.
In the first two cases, the originally reported solutions consists only the optimized
portfolio’s tracking error (TE) (eq. (24)), its separation into total absolute overperformance and underperformance of the portfolio in relation to the index (otot and
utot , respectively), and the number of positive assets in the final optimized portfolio
n. The conclusions of Grishina et al. (2016) are mainly derived through qualitative
comparisons between the TE measures of the two main models.

6.2. Data
The asset and index returns for the problems are included in the OR-library 17 . It
consists of weekly prices between March 1992 to September 1997 for five different
stock indices and their individual stock components, according to the descriptions of
Beasley et al. (2003).
After downloading the data from the OR-library website18 , the data was put into R19
through the Rstudio IDE20 . It was necessary to transform the price data (asset i has
price pi,t in time period t) into (log-)returns, which where calculated in accordance
with the following formula by Grishina et al. (2016):
µi,t = ln(

pi,t
),
pi,t≠1

i = 1, . . . , N,

t = 1, . . . , T + 1

(30)

The resulting returns fulfill the role of µi,t as defined in section 3.1. The index returns
are calculated analogous and were introduced previously as It in the same section.
There are 291 time periods of prices in each test set, which results in T = 290
log-returns. Summaries of the data set and the original parameters for the heuristic
algorithms are presented in Table 1 and table 2, respectively.
According to Grishina et al. (2016), while K (the portfolio cardinality limit), P (the
17

A set of operations research test problems, which was first introduced by Beasley (1990) and has
been continuously expanded since then.
18
http://people.brunel.ac.uk/~mastjjb/jeb/orlib/indtrackinfo.html, specifically the files
called indtrack1.txt,. . . ,indtrack5.txt
19
https://www.r-project.org, version 3.5.1
20
https://www.rstudio.com/, version 1.1.463
21
For the Nikkei Data Set, Grishina et al. (2016) set the same parameters as the S&P
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Dimensions
Index

T

N

Hang Seng (HS) 290 31
DAX 100
290 85
FTSE 100
290 89
S&P 100
290 98
Nikkei 225
290 225

K
15
20
25
25
25

Table 1: Summary of data dimensions; T number of time periods; N total asset space (not
including index); K cardinality limit set by Grishina et al. (2016).

GAGr Par.

DEGr Par.

Index

K

G

P

z

ﬁCR

G

P

F

CR

HS
DAX
FTSE
S&P
Nikkei21

15
20
25
25
25

70
180
185
190
190

15
40
42
45
45

0.5
0.5
0.5
0.5
0.5

0.1
0.1
0.1
0.1
0.1

100
275ú
288ú
317ú
317ú

20
55ú
58ú
64ú
64ú

0.05
0.05
0.05
0.05
0.05

0.5
0.5
0.5
0.5
0.5

Table 2: Summary of parameters for heuristics, set by Grishina et al. (2016); K cardinality
limit; G and P are the number of iterations and the population size, respectively, ú
marks values derived from descriptions and were not used in a computation in the
original paper; z mutation rate of the GAGr ; ﬁCR and CR regulate the crossover in
their respective algorithms and F is the differential weight parameter of the DEGr
algorithm.

population parameter), and G (the number of generations) are based on the data set’s
dimensions, the other algorithm parameters are based on the optimization problem
and thus stay constant throughout. The information about the parameter ﬁCR = 0.1
is only included in Grishina (2014).
The parameters for the differential evolution algorithm are included for completeness,
and have been derived proportionately from the Hang Seng data set (matching the
description of the authors). For all computations with buy-in constraints, the authors
chose ‘ = 0.01 and ” = 1.

7. Testing the Quality of the Algorithms
As described in the previous section, the following part reports results for the limited
prospect theory model (appendix A.3), in order to compare the convergence properties
of the replicated algorithms with the original computations.
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7.1. Basic Prospect Theory Results
Replicating the smaller problem and getting very similar results for the objective
function PT, would confirm the replication algorithm performs comparably to the
original used by Grishina et al. (2016). Table 3 summarizes these results, including
a stability measure ›, which is also included in the original paper. It is defined as
› = max(PT(xú )) ≠ min(PT(xú )), i.e. the minimum and maximum values of the
optimized objective functions out of 10 independent executions of the respective
algorithm. Similarly, time and PT values in table 3 are means of the 10 executions,
respectively. For the differential evolution algorithm, only the smallest data set’s
results have been published in the original paper.
Original
Index

mean
time

HS
61.8s
HS
36.2s
DAX
550s
FTSE 630s
S&P
721s
Nikkei 1179s

Replication

mean
PT

›

Algo.

mean
time

mean
PT

0.6237
0.62354
0.6442
0.8429
0.7822
-0.9894

0
0.0002
0.0002
0.0004
0.0006
0

(DEGr )
(GAGr )
(GAGr )
(GAGr )
(GAGr )
(GAGr )

12.28s 0.6194
2.45s
0.5485
60.22s 0.6020
68.08s 0.7900
84.70s 0.7555
126.68s -0.9566

›
0.0028
0.0590
0.0515
0.0432
0.0519
0.0097

Table 3: Original results vs. the results of the replicated algorithms of the PT model (10
executions), using the original parameters of Grishina et al. (2016). Mean time (in
seconds); max PT maximum of the objective function of all executions; › difference
between minimum PT and maximum PT of all executions.

The replicated genetic algorithm only partially achieves similar quality of convergence
as defined by the lower mean objective function values and the distinctly higher
variability of solutions, measured by ›. The general similarity of results compared
to the original paper, however, strongly points to a matching implementation of the
optimization problem. The performance difference is most likely due to the hardware
set-up differences since it is relatively linear between data sets, i.e. does not change
in magnitude with either the difference in asset spaces or parameters G and P .
Based on these results, the replication is assumed to correctly implement the objective
function PTIT . This is further confirmed by experiments that let the optimization
continue beyond the original number of iterations. Consequently, through optimizing
the algorithm’s parameters, while maintaining all the properties of the optimization
problem, it should move towards the right goal, i.e. converge towards the same
theoretical optimum as Grishina et al. (2016).
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7.2. Alternative Parameters
Table 4 shows the parameters that have been optimized for improved performance of
the replicated algorithms. The alternative genetic algorithm that uses the improved
parameters is called GAEX and additionally is executed through parallel processing
(using the "parallel" package, included in R). 22
GAGr Par.
Index z
All

ﬁCR

0.5 0.1

GAEX Par.

[‰]

z

[0,1]

0.01 0.5

[‰]

ﬁCR

[-0.5,1.5]

Table 4: Summary of parameters for index tracking used in the alternative genetic algorithm
GAEX , compared to the original parameters by Grishina et al. (2016); z mutation
rate; [‰] is the interval of uniform distributed parameter ‰, which in addition
to parameter ﬁCR regulates the crossover of weights from parents in the genetic
algorithm as described in section 5.1.

None of the changes are related to the core implementation of the genetic algorithm
as explained by Grishina et al. (2016), i.e. they should not affect the underlying
optimization problem. Instead it should just affect the convergence properties of
the algorithm, as compared to the original implementation. This assumption is
substantiated by the results presented in table 5: The alternative genetic algorithm
GAEX , achieves better convergence compared to both the originally reported results
and the replicated algorithm GAGr , across almost all metrics.23 The alternative
parameter choices have been further elaborated on in section 9.1.
Original
Index

mean
time

max
PT

Replication (EX)
mean
›

Algo.

HS
36.2s 0.62354 0.0002 (GAEX )
DAX
550s 0.6442 0.0002 (GAEX )
FTSE 630s 0.8429 0.0004 (GAEX )
S&P
721s 0.7822 0.0006 (GAEX )
Nikkei 1179s -0.9894 0
(GAEX )

mean
time

max
PT

mean
›

5.03s
27.26s
30.31s
35.44s
55.26s

0.6235
0.6573
0.8564
0.8007
-0.9369

<0.0005
<0.0001
<0.0002
<0.0007
<0.0022

Table 5: Original results vs. the results of the alternative genetic algorithm for the PT model
(10 executions), using altered parameters and parallel processing (see table 4). Mean
time (in seconds); max PT maximum of the objective function of all executions; ›
difference between minimum PT and maximum PT of all executions.

The results of the full prospect theory-based index tracking model, presented in the
22
23

It also skips the assessment stage, as further explained in section 9.1
The mean elapsed time for the Hang Seng data set, is larger than in the replicated algorithm
(table 3, which is most likely due to the implemented parallelization, i.e. there is a trade-off
between computational time to set the parallelization up and performance efficiency in longer
computations.
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next section, have been derived through the use of the alternative genetic algorithm
GAEX . However, they still represent implementations of the optimization problems
as described by Grishina et al. (2016) and thus it should be possible to compare the
results: Due to the improved convergence properties of the algorithm, the qualitative
results of the model comparison, made by Grishina et al. (2016), should not only be
visible but possibly more pronounced.

8. Replication of Results
As described in section 6, the following part reports results for the replication of the
full index tracking and prospect theory-based index tracking optimization problems,
both with and without additional integer constraints respectively.

8.1. CPLEX for Basic Index Tracking
As described earlier, the Index Tracking problem was solved directly by transferring
the optimization problem into the commercial software CPLEX24 . The software is
called through the R package "Rcplex"25 .
The basic index tracking problem (without integer constraints) can be used to confirm
that the same data and tracking error as the original paper were used, due to how
results can be determined exactly rather than heuristically. This is indeed the case, as
table 6 shows, since the original and replicated optimal tracking errors match exactly.
The difference in time measurements is further discussed in section 9.3.
The results of the index tracking problem with cardinality constraints (ITCC , eq. (24))
are shown in table 7. A time marked with "ú" means that the respective optimization
did not stop because it reached an optimum, but because it reached a prior set
timelimit. This failure of convergence to the theoretical optimum is in line with
comparable optimization results with cardinality constraints (Mutunge et al. 2018;
Woodside-Oriakhi et al. 2011) and illustrates why heuristics can be good alternatives
for such problems.
Furthermore, it should be noted that the time limit was set to 7200s (=2h) for this
thesis because no information was given by the original paper’s authors on why the
optimization reached an end at their reported results. This is especially problematic
for the optimizations that, given enough time, reach lower tracking errors than those
24

Readers interested in solving such a problem "manually", may refer to the vast literature on solving
Mixed-Integer Problems, especially Branch and Bound Algorithms such as Bertsimas et al. (2009),
who describe such an algorithm specifically in the context of cardinality constrained portfolio
optimization and compare it to the implementation with CPLEX.
25
https://CRAN.R-project.org/package=Rcplex, version 0.3-3
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Index

Original

Replicated (CPLEX)

time

time

n

TE

0.014s
0.034s
0.035s
0.041s
0.081s

30
69
81
83
159

0.4289
0.3354
0.2855
0.2682
0.1686

HS
0.047s
DAX
0.109s
FTSE 0.141s
S&P
0.125s
Nikkei 0.266s

Same in both
otot/TE

56.98%
54.70%
58.05%
57.88%
54.65%

Table 6: Results of the IT optimization problem (no cardinality constraints); times in seconds;
TE: Tracking Error as in eq. (20); otot/TE: The total overperformance of the optimal
portfolio in relation to the total tracking error; n: the number of all positive asset
weights in the optimal portfolio.

Original
Index

Replicated (CPLEX)

K

time

n

TE

otot/TE

time

n

TE

HS
15
DAX
20
FTSE 25
S&P
25
Nikkei 25

102s
200s
193s
176s
612s

15
20
25
25
25

0.5760
0.5889
0.6650
0.5555
0.7211

57.57%
55.70%
57.43%
58.02%
53.32%

16.46s
7200sú
7200sú
7200sú
7200sú

15
20
25
25
25

0.5763
0.5776
0.5707
0.5121
0.6169

otot/TE

58.84%
57.02%
56.15%
55.83%
58.07%

Table 7: Results of the ITCC optimization problem; K Cardinality limit; times in seconds;
TE: Tracking Error as in eq. (20); otot/TE: The total overperformance of the optimal
portfolio in relation to the total tracking error; n: the number of all positive asset
weights in the optimal portfolio.

the authors reported. Manually checking the portfolio solutions that were created by
the replication algorithm after the time limit was reached confirms that the solution
indeed fulfills the conditions of the optimization problem at hand. It can be ruled
out that the originally reported solutions have reached a global optimum in the cases
other than the Hang Seng data set.
It should be further noted that for all datasets, the speed of convergence rapidly
decreases, i.e. the optimization over 7200s only achieved slightly smaller values in
terms of absolute TE, in comparison to the optimization running for 100 seconds.
However, this does not say anything about the theoretically achievable optimum value
of TE since after the quick convergence in the beginning, the algorithm improves in
sudden steps.26 An even longer optimization will likely result in better solutions.
With the exception of Hang Seng, the TE values of the replication are smaller than the
values reported in Grishina et al. (2016). It is the one optimization, as was mentioned
previously, that reached the theoretical global optimum and didn’t stop because of the
time-limit. Thus, TE values under 0.5763 should not be possible for that particular
26

For instance, in the optimization of the Nikkei data, the algorithm’s best solution had a TE of
0.6507 for more than 75min, until reaching a lower level of 0.6169 within a 5 min window.
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data set. When looking at the originally reported performance values otot = 0.3316
and utot = 0.2448, it becomes clear that the reported solution 0.5760 is most likely
due to a typographical or rounding error in Grishina et al. (2016) and not because of
a better solution: otot + utot = TEGr must hold according to the definitions in eq. (24),
and in this case the actual original result is most likely 0.3316 + 0.2448 = 0.5764.

8.2. Genetic Algorithm for Prospect Theory-based Index Tracking
The following section uses GAEX , which was defined as the genetic algorithm with
alternative parameters and presented in section 7.2 to derive results for the full prospect
theory-based index tracking model. The results are compared with the originally
reported ones by Grishina et al. (2016): table 8 presents the variant without and
table 9 the one with integer constraints (i.e. cardinality and buy-in constraints).
Grishina et al. (2016) make the following observations based on their results comparing
the prospect theory-based (PTIT ) and basic (IT) index tracking models:
• PTIT optimized portfolios are more sparse than IT optimized ones. This is
confirmed by the results of the replication and more pronounced than in the
original results.
• The otot/TE ratio for PTIT solutions is higher than the ratio for IT solutions
which, according to the authors, indicates a preference for higher returns in the
former model. This is observable in the replicated results and partially more
pronounced.
• The TE of the IT models is in all data sets lower than the TE of the prospect
theory-based models. It represents a control for the correct implementation of
the models.
These results are explainable through loss aversion, which is modeled in the prospect
theory optimization problem through the value function. which doesn’t treat deviations
from the index indifferently, like IT, but instead favors assets that have preferred
returns compared to the index.
These results let us conclude that the optimization models have been successfully
replicated and the algorithms have improved. All solution portfolios display fewer
assets than the original results in table 8. Additionally, they all have higher overperformance ratios (otot/TE) while simultaneously displaying lower overall tracking errors.
The results are reported in tables 8 and 9.
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Original
Index

time

TE

n

HS
70s
20 0.8420
DAX
242s 51 1.1763
FTSE 250s 46 1.1463
S&P
347s 67 0.9409
Nikkei 1803s 69 0.9802

Replicated (GAEX )
otot/TE

time

TE

67.58%
62.37%
69.08%
62.50%
64.29%

5.48s 19 0.8263 68.35%
38.61s 27 1.0493 73.79%
42.98s 40 0.9807 77.56%
51.73s 45 0.7168 74.83%
83.83s 67 0.7222 80.24%

n

otot/TE

Table 8: Results of the PTIT optimization problem; times in seconds; TE: Tracking Error as
in eq. (20); otot/TE: The total overperformance of the optimal portfolio in relation to
the total tracking error; n: the number of all positive asset weights in the optimal
portfolio.

Original
Index

Replicated (GAEX )

K

time

n

TE

otot/TE

time

HS
15
DAX
20
FTSE 25
S&P
25
Nikkei 25

74s
275s
193s
176s
612s

15
20
25
25
25

1.1871
1.3309
1.4432
1.2972
1.3179

65.94%
72.25%
71.53%
70.24%
73.12%

5.2s
15 0.8835
37.2s 20 1.2545
41.98s 25 1.250
49.73s 25 1.0257
81.45s 25 1.1742

n

TE

otot/TE

67.89%
73.10%
75.45%
72.42%
75.36%

Table 9: Results of the PTIT,CC optimization problem; K Cardinality limit; times in seconds;
TE: Tracking Error as in eq. (20); otot/TE: The total overperformance of the optimal
portfolio in relation to the total tracking error; n: the number of all positive asset
weights in the optimal portfolio.

8.3. Experimenting on Different Market Environments
Grishina et al. (2016) also include "out-of-sample" data sets in their analysis. According to the authors, the new data is created through sampling returns from the
aforementioned indices in bullish time periods , i.e. during a phase of continuing
positive returns (in this case the year 2005). Furthermore, they take samples from the
year 2008 (during the financial crisis), to create Bear data-sets in a similar way27 .
Subsequently, they show that for their bullish simulations, the portfolio solutions of
the index tracking and prospect theory-based index tracking optimization reveal a
tracking error that is almost fully attributed to the overperformance of the portfolio.
In other words, the values of otot/TE are all either exactly 100% or very close. For the
Bear sample, they find that the prospect-theory based index tracking optimization
performs similarly in terms of total TE but slightly worse in terms of otot/TE when
compared to the IT model in all but one data set.
This section attempts to replicate these results by use of different data (which is
summarized in table 10), since the data used by Grishina et al. (2016) could not be
27

by using the historical data’s correlation matrix to derive t-distributed sample returns.
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Dimensions
Index

timeframe

T

cum. log-return

N

S&P 500 (Bull)

2018-04-06 - 118 503
2018-09-21
S&P 500 (Bear) 2018-09-21 - 63 505
2018-12-21

11.77%
-17.17%

Table 10: Summary of data dimensions for out-of-sample optimization; T number of (daily)
time periods; N total asset space (not including index); K cardinality limit set by
Grishina et al. (2016); cum. log-return sum of log-returns over all time periods.

attained. The alternative data is taken from the S&P 500 index and its components.
Specifically, the daily adjusted returns during a recent bullish and bearish market
phase.
During each of the chosen time periods, the index demonstrates directional movement,
which is visible through the cumulative returns in table 10. The solution methods used
are analogous to the previous section: Directly translating the IT model to be solved
in CPLEX (with a time limit of 100s) and using the alternative genetic algorithm
GAEX for the PTIT model. In the latter implementation, the same parameters as
shown earlier in table 4 and dimension parameters G = 500 and P = 40 are used
in order to handle the larger asset space of the S&P 500 compared to the previous
data-sets.
ITCC
Index K
Bull
Bear

n

TE

PTIT,CC
otot/TE

n

TE

otot/TE

25 25 0.0596 52.69% 13 0.5527 85.64%
25 25 0.0175 38,64% 15 0.3044 92.18%

Table 11: Results of the optimization in specific market environments K Cardinality limit;
TE: Tracking Error; otot/TE: The total overperformance of the optimal portfolio in
relation to the total tracking error; n: the number of all positive asset weights in
the optimal portfolio.

The resulting optimal portfolios match the observed behavior of the original results
for the bullish market environment, but differ from Grishina et al. (2016) for the
Bear simulation. As table 11 shows, for both the bearish and the bullish market
environment, the PTIT displays a high ratio otot/TE. This is possibly related to the
data that is used, but similar behavior is observed in the original Bear simulations for
the Hang Seng data.
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8.4. Out-of-sample Performance
Because of their description, it was assumed that Grishina et al. (2016) did not define
out-of-sample to describe the performance of a portfolio solution in time periods that
weren’t included in its proceeding optimization, i.e. the data it wasn’t trained on:
The "out-of-sample" consideration of a solution is generally assumed to be worse than
the in-sample performance of a metric (Bailey et al. 2014) and plays an important
role for any predictive inferences.
This section attempts to shine light on the latter out-of-sample definition by using the
Bull and Bear data-sets of the previous section. However, in this case, only the first
third time periods are used to train the model, i.e. to acquire an optimized portfolio
solution, which is subsequently checked for its performance during the remaining two
thirds. The results of this additional computation are presented in table 12.
ITCC
Index K
Bull
Bear

n

TE

PTIT,CC
otot/TE

n

25 25 0.0399 71.93% 8
25 21 0.1877 35.32% 6

TE

otot/TE

0.6785 50.15%
0.3445 46.38%

Table 12: Results of the (out-of-sample) optimization; K Cardinality limit; TE: out of
sample Tracking Error; otot/TE: The total overperformance of the optimal portfolio
in relation to the total tracking error; n: the number of all positive asset weights
in the optimal portfolio.

It can be noticed that the general conclusions described in section 8.2 only apply
partially in the out-of-sample results. The prospect theory based index tracking
model results in lower cardinality n but doesn’t demonstrate a higher overperformance
ratio (otot/TE) than the basic index tracking model for the bullish market environment.
Compared to the results in table 11, the tracking errors are larger, except in the
aforementioned case where it is 0.0399, i.e. very low. This could explain the high
overperformance ratio.
Noticeably, the overperformance ratios are lowered more strongly in the prospect
theory based computation than in the basic index tracking computation. This could
be explained through the different objective functions, i.e. the different goals of the
models: While the ITCC prioritizes diversification, the prospect theory based model
implements loss aversion and consequently overweighs assets with better returns in
the first third of the time periods.
Concretely, in the actual portfolio solution for the Bear market, the largest asset
weight (¥ 40%) belonged to the stock with the highest return in the data used
for optimization. The same stock, however, had slightly negative returns in the
out-of-sample time periods.
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Thus, this observation ties back to the descriptions in the beginning of this thesis and
the trade-off considerations every agent faces.

9. Discussions
The following subsections elaborate on the insights and results of the previous sections.
The authors of Grishina et al. (2016) were not available for further clarification, thus
this section additionally aims to detail assumptions made in order to derive replicated
algorithms GAGr and DEGr .

9.1. On the Genetic Algorithm and alternative parameters
A misunderstanding of the assessment stage as it is described in Grishina et al. (2016),
is the most likely source of the poor convergence properties of the replication algorithm.
As it is understood in this thesis, the assessment stage by Grishina et al. (2016) only
allows the new population to proceed to the next generation if its maximum objective
function value is larger or equal to the maximum of the old population. The new
population, however, includes the portfolio with the highest fitness, which is defined
as the value of the objective function by the original authors. This was categorized
as an elitist selection scheme previously and means that it will always have at least
an equally high maximum fitness as the old population. This interpretation is based
on the description of the operation and the pseudo-code in Grishina et al. (2016)
and Grishina (2014). This, however, makes the assessment stage redundant. This is
unlikely since it has been explicitly included in the description by the authors. To
account for this discrepancy, the assessment stage is omitted in the altered genetic
algorithm GAEX but was included in the algorithm using the original parameters.
As table 5 in section 7.2 has shown, a lower mutation rate and higher crossover
probability ﬁCR leads to better convergence properties of the genetic algorithm. These
alternative parameters are in accordance with implementations for similar problems
by Chang et al. (2000), Gong et al. (2017), and Woodside-Oriakhi et al. (2011), but
the nature of genetic algorithms makes a direct parameter comparison less meaningful
because it depends on other factors of the algorithm, i.e. the detailed mechanics of
the updating stage. This is why the following example is used instead in order to
illustrate the reasoning in favor of a low mutation rate:
In the case of the Nikkei index, the asset space consists of 225 different stocks. If a
cardinality of K = 25 is set in the optimization problem, a parent portfolio in the
genetic algorithm, as it is described in Grishina et al. (2016), will consist of up to 25
positive asset weights. This also means that at least 200 asset weights are set to 0 in
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the portfolios used as parents. If mutation probability z = 0.5 is implemented, this
means that 200 · 0.5 = 100 of a childs’ asset weights are expected to get a randomly
determined value that is U(0, 1) distributed, which also means that the 100 assets each
have na expected weight of 0.5 before normalization. The old (parent) asset weights
are significantly lower since they already have been normalized in previous generations
to add to one. Moreover, The implementation of the cardinality constraint check sets
positive weights randomly to zero, which means that out of the 25 + 100 = 125 positive
asset weights, only 25/125 = 20% are going to remain after adjusting for cardinality.
Thus, only 25 · 20% = 5 assets of the parent are expected to be included after these
steps, each having significantly lower relative asset weights compared to 20 randomly
chosen included assets. A low parameter ﬁCR increases this effect. This could be
considered a "low" history dependence, according to the description of enumerative
processes in section 5. As Holland (1992) explains, the mutation should generally not
be used to generate new candidates, and Grishina et al. (2016) themselves mention a
"small probability" in the description of the mutation operation. It appears justified
to severely lower mutation probability z.
Furthermore, the interval of ‰ is increased in accordance with the implementation
by Gong et al. (2017). This is done in order to limit the averaging effect that occurs
when using an interval [0,1]: Whenever two parents have positive weights for the same
asset, the respective asset weight of the child will be the weighted average of the two
parent weights. Extending the interval of ‰ to include [-0.5,1.5] can be interpreted as
an increased focus on the inclusion of a weight versus the actual value of the weight
since it likely will test more extreme values for assets that are often found in parent
portfolios.
Lastly, in the original pseudo-code by Grishina et al. (2016) (see appendix A.5), it
was assumed that line 5 of the algorithm is inversed, i.e. should read y1 , . . . , y2P =
xm1 , . . . , xm2 P , since the description defines y as the portfolios of the new population.

9.2. On the Population Initialization
While Grishina et al. (2016) states that each portfolio of the initial population is
created to have exactly K positive asset weights, Grishina (2014, p. 83) explains that
"the first function generates an initial population [. . . ] with limit on the number of
assets K which are chosen for each vector randomly from [3,K]". The latter description
is chosen in the implementation based on the following reasoning:
The difference is very important for the performance of the genetic algorithm in
the case that no buy-in constraints are set and the cardinality is set to include the
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complete asset space N : Since the algorithm has no effective means of eliminating
asset weights (i.e. setting them to zero) in newly created child portfolios, when both
parents respective asset weights are positive as well, the implementation described by
Grishina et al. (2016) results in a very slow convergence. This is because both the
role of parameter ﬁCR and the mutation rate z are diminished, since they both don’t
apply when both parents’ asset weights are non-zero.

9.3. On CPLEX Optimization and performance measurements
According to Grishina et al. (2016), the results of table 6 are calculated using optimization problem eq. (24) with K = N . This seems unlikely, based on the extremely
low execution times (<1s) compared to similar calculations by Woodside-Oriakhi et al.
2011.
It is more likely that the authors actually implemented an optimization problem
without integer constraints, making it a linear programming problem instead of a
mixed-integer one. This is supported by the replication’s results which were acquired
through such a simple linear optimization, completely omitting the binary variable zi
(indicating whether an asset is held or not) and its related constraints. When looking
into the solution, which had the exact same TE as reported in Grishina et al. (2016),
the optimal portfolio includes weights that are smaller than those allowed by the
buy-in constraint ‘i = 0.01. This means that the original solution was most likely
also acquired based on this optimization problem. Another way of proving this, is
attempting the optimization of the full problem (eq. (24)) and just setting K = N :
The results of the tracking error and the computation time both are significantly
larger with the inclusion of buy-in constraints (eq. (7)). For example, in the DAX
data-set, this optimization leads to a minimized TE of 0.3817 after 32.94s vs. a TE
of 0.3354 after 0.046s, as reported in table 6. This confirms that when the authors
mention cardinality constraints, they mean all integer constraints (i.e. cardinality as
well as buy-in limits).
Generally, the time measurements of the original paper are vaguely described, which
makes it harder to compare them with the replicated measurements: As explained
in the documentation of MATLAB28 and AMPL29 (the programs used by Grishina
et al. (2016)), there are different ways to measure the time a script runs. The authors
specifically call their measurement of CPU time, which theoretically can be higher than
wall-clock time since they use a multi-core/multi-thread cpu for their calculations, but
most likely it is actually a lower estimate that excludes the processors workload outside
28

https://www.mathworks.com/help/matlab/matlab_prog/measure-performance-of-yourprogram.html
29
https://mathopt.de/AMPL/AMPL-RefMan.pdf Table A-14
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of the optimization 30 . No further definition is given, other than by Grishina (2014),
who states that the measurement is in seconds. This thesis assumes that CPU time in
Grishina et al. (2016) is comparable to wall-clock time 31 . This is because CPLEX’s
own elapsed time output is based on wall-clock time, and the originally reported
times are broadly comparable to the similar computations by Woodside-Oriakhi et al.
(2011), which use the same data and a similar processor.
Furthermore, the replication uses CPLEX by applying parallel threads (6 due to
the processor used), which (depending on the system) could mean that the "CPU
time" measurement may be up to 6 times larger than the elapsed time. In general,
comparisons of performance should be taken with caution: table 14 in appendix A.4
includes other differences of the set-up, each of which may lead to differences in
performance.

9.4. On the Objective Function
In the prospect theory model with index tracking (section 4), the objective function
reads as:
PTIT =

T
ÿ
t=1

pt vpt (rx,t ≠ It )

(31)

which can be trivially shown to be equivalent to the equation used in Grishina et al.
(2016). The authors, however, don’t explain the role of pt , which in the original
Prospect Theory model, is defined as the probability of an outcome of the lottery.
Since historical return data is used for the computations, it is plausible to define
each historical time period as an outcome, i.e. each one should be given the same
probability, i.e. pt = 1/T , where T is the total number of time periods. Then, because
of theorem 3.1, the inclusion of pt would account for a monotonic transformation.
This does not change the optimal portfolio solution but does affect the outcome of the
objective function. As previously described, the only way to determine the quality of
the algorithms, including the use of a matching objective function, is with the values
given in table 3 and table 5 of this thesis since the other results only include the
Tracking error values. Through experimentation over all data sets and comparison
with the optimal values (as defined in the original paper) it is determined that the
values in Grishina et al. (2016) must have been calculated with pt = 1 ’t in the
objective function. The exact matching of the Hang Seng objective further justifies
this.
More generally, the practicability of such an objective function is debatable, i.e.
30

Robert Foure, the designer of AMPL, explains this in https://groups.google.com/d/msg/ampl/
PcHyAeZ4AhM/3dzH1F99yr8J and https://groups.google.com/d/msg/ampl/attIOKNdYUE/
_F53shn6nZYJ
31
measured through taking the difference of Sys.time() before and after the optimization in R
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whether behavioral economics and prospect theory lend itself to be used as the
objective function for portfolio optimization. This is because the theory is essentially
descriptive (Stewart et al. 2015). In other words, it illustrated a way to systematically
evaluate and model common judgment biases. Thus, it’s normative use, i.e. as the
"goal" of the optimization, appears in need of further discussion. If mean-variance
optimization is assumed to be rational, then portfolio managers ultimately should
use their behavioral insights to steer the investors towards the rational choice. This
problem of reconciling normative and behavioral economics has been intensively
elaborated by others: As Bleichrodt et al. (2001) write:
"(. . . ) inconsistencies are not the essence of the problem; instead they
are symptoms. The essence of the problem lies in the biases, i.e., the discrepancies between elicited preferences and the true preferences according
to a rational model in which these preferences are to be implemented.
Observed inconsistencies prove that biases are present so that corrective
procedures are called for."
Contrasting ideas have been brought up by McQuillin et al. (2012), who explain that
deviations from rational choice can only be classified in relation to the definition of
rationality. Subsequently, Sugden (2017) notes:
"Even if behavioral economists or policy makers feel confident that people’s
lifestyle choices are based on some kind of error, they should not jump to
the conclusion that the error is a self-acknowledged failure of self-control"
which ties in with the discussion about the "second generation" of behavioral finance
and opens up the idea of individualized preferences.
Consequently, the best use of such objective functions may be in agent based market
models (Farmer et al. 2009; Hommes 2001), which could use the optimizations to
model the actual portfolio behavior of different agents using the prospect theory based
index tracking model. The conclusions would then be based on observations of the
simulated market behavior from which policies can be derived.
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10. Conclusion
This thesis aimed to implement the prospect theory-based index tracking model by
Grishina et al. (2016) and replicate the results presented in the original publication.
By elaborating on the underlying theoretical models and documenting the replication
process, it tried to allow for its own replication.
Even though imitation of the original genetic algorithm, i.e. exact recreation of its
convergence properties failed, a replication with alternative parameters actually lead
to improved performance compared to the originally reported results. In-sample, the
main observations made by the original authors were more pronounced in the results
of this thesis and could consequently be successfully replicated. Through experiments
on the out-of-sample performance and a detailed analysis of the algorithm, this thesis
attempted to give further insight into the implementation’s details. It concluded with
an extensive discussion on the original work and its implications.
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A. Appendix
A.1. Replicated Genetic Algorithm Pseudo-codes
This section provides further pseudo-code representations for the specific operations
of the replicated Genetic Algorithm.
Algorithm 4 Genetic Algorithm Operation: Crossover and Mutation
1: for n Ω 1 to N do
//loop through asset weights, with xs,n being nth element of xs
2:
if x̃mj ,n > 0 · x̃mk ,n > 0 then
//Crossover from both parents
3:
ci,n Ω ‰ · x̃mj ,n + (1 ≠ ‰) · x̃mk ,n with ‰ ≥ U(0, 1)
4:
end if
5:
if x̃mj ,n = 0 · x̃mk ,n > 0 then
//Crossover only from first parent
6:
with probability ﬁCR : ci,n Ω x̃mk ,n else ci,n Ω 0
7:
end if
8:
if x̃mj ,n > 0 · x̃mk ,n = 0 then
//Crossover only from second parent
9:
with probability ﬁCR : ci,n Ω cmj ,n else ci,n Ω 0
10:
end if
11:
if x̃mj ,n = 0 · x̃mk ,n = 0 then ci,n Ω 0
//Crossover from neither
12:
end if
13:
if ci,n = 0 then with probability z: ci,n Ω u ≥ U(0, 1)
//Mutation
14:
end if
15: end for
16: return ci
Algorithm 5 Genetic Algorithm Operation: Cardinality and buy-in constraints check
q

ci,n Ω ci,n/ Nn=1 |ci,n |, ’n
if ci,n < ‘ or ci,n > ” then ci,n Ω 0
end if
while #{ci,n |ci,n > 0, ’n} > K do
get random {n|ci,n > 0}
ci,n Ω 0
end while
while #{ci,n |yi,n > 0, ’n} < 3 do
get random {n|ci,n = 0}
ci,n Ω 0.1 + 0.9 · u with u ≥ U(0, 1)
end while
q
ci,n Ω ci,n/ Nn=1 |ci,n |, ’n

//Normalization of weights eq. (28b)
//buy-in ’elimination’ eq. (28c) for all n
//Cardinality Constraint eq. (28d)
//choose random positive asset weight
//replace with zero until CC satisfied
//avoiding portfolios under 3 assets
//choose random zero asset weight
//replace with random positive weight
//Normalization of weights eq. (28b)

A.2. Proofs
Lemma 3.1 Proof. Let f : Rn æ R and x œ Rn . If ÷xú such that xú œ {x|f (x) =
minf (x)} then f (xú ) Æ f (x), ’x œ Rn . Furthermore, let g : R æ R be a monotonic
x
increasing transformation, then, if a, b œ R and a Æ b, it must follow that g(a) Æ g(b).
Thus, g(f (xú )) Æ g(f (x)), ’x.
⌅
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A.3. Basic PT model
The basic or ’limited’ prospect theory model (PT) is used by Grishina et al. (2016)
and Grishina (2014) to derive the parameters of both the differential evolution and
genetic algorithm, used for the complete PTIT model. Additionally, its results are
used to determine the quality of the replicated algorithm in section 7.1.

max PT(x, r0 ) =

T
ÿ
t=1

s.t.

r̄x,t =

N
ÿ
i=1

N
ÿ

pt vpt (rx,t ≠ r0 )

(32a)
(32b)

wi µ̄i Ø d,

wi = 1,

(32c)

i=1

wi Ø 0,

i = 1, . . . , N

(32d)
q

r0 is a constant value set by Grishina (2014, p. 51). r̄x , t = N
i=1 wi µ̄i is the mean
1 qT
portfolio return with each asset having mean return µ̄i = T t=1 µi,t over the analyzed
time periods t. d = max(r̄x ) ≠ (max(r̄x ) ≠ min(r̄x )) · 0.25 is the minimum return
constraint, where max(r̄x,t ) and min(r̄x,t ) are calculated within each data-set (Grishina
2014, p. 50). Grishina (2014, p. 51) uses the first 100 periods for the calculations of d
and the basic PT model values. In the case of no portfolio in a population being able
to satisfy eq. (32b), it is lowered iteratively (each iteration lowers the limit by 0.0002)
until a solution is found (Grishina 2014, p. 84). The values for the static reference
point r0 and the return constraint d are displayed below, in table 13.
Basic PT variables
Index

d

r0

Hang Seng
DAX
FTSE
S&P
Nikkei

0.0118
0.006
0.0077
0.0109
0.0005

0.0005
0.000025
0.000025
0.00005
0.000001

Table 13: PT model variables; d: mean return minimum; r0 static reference point as chosen
by Grishina (2014, p. 51).
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A.4. System Specifications
Component

Original

Replicated

CPU

Intel Core i3-2310M
@2.10 GHz
8.0GB
MS Windows 7 (64-bit SP 1)
AMPL with v12.5.1.0
MATLAB (v.unknown)
"CPU time" (specifics unknown)

Intel Core i5-8400 CPU
@2.80GHz
16GB
Windows 10 Education 64-bit
Rcplex 0-0.3 with v12.8.0
R 3.5.1
"wall-clock" time
(function Sys.time())

RAM
OS
CPLEX
Software
time measure

Table 14: Differences in Hardware and Software between Grishina et al. 2016 (Original) and
this thesis (Replicated).

A.5. Original Genetic Algorithm Pseudocode
Original Genetic Algorithm pseudo-code in (Grishina et al. 2016)
1: Generate initial population xi œ Dk i = 1 . . . , P 2
2: cycle of G generations
3:
sort PTIT (xm1 ) Ø · · · Ø PTIT (xmP 2 )
4: save maxPTIT (xi )
5: xm1 , . . . , xm2P = y1 , . . . , y2P proceed to the next generation
6: randomly pick x̃j and x̂k in the set {xm2P , . . . , xmP 2 }
7: ’i , j, k, l, i, j, k = 2P + 1, . . . , P 2 , l = 1, . . . , N
8: if x̃j = wj and x̂j = wk
9:
then aij = ‰ · wj + (1 ≠ ‰) · wk ,‰ œ U (0, 1)
10: else if x̃j = 0 and x̂j = 0
11: then aij = 0
12: else if x̃j = wj and x̂j = 0
13: then with ﬁaij = wj
14: with mutation probability ’ > 0
15: aij Ω âij , âij œ U (0, 1)
16: choose max{PTIT : yi œ {ai , x̃j , x̂k }}
17: find PTIT (yiú ) = max{max PTIT (yi ), max PTIT (yP 2 )}
18: y ú i is an optimal solution

A.6. Original Differential Evolution Algorithm
The Differential Evolution algorithm as described by Grishina et al. (2016) is assumed
to be based on the preceding doctoral thesis of Grishina (2014) and the work of
Homchenko et al. (2013). The latter work was cited by Grishina et al. (2016) directly
in regards to the optimization by their differential evolution algorithm.
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The original pseudo-code included in Grishina et al. (2016) for the Differential Evolution algorithm can be seen in algorithm 6.
Algorithm 6 Original Differential Evolution algorithm pseudo-code for the PTIT
(Grishina et al. 2016)
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:

Generate initial population xi œ Dk i = 1 . . . , P 2
cycle of G generations
for each xi in population P do
choose 3 random vectors xa ”= xb ”= xc ”= xi
for each component j of xi do
with probability ﬁ1 : z1 Ω N (0, ‡1 ),
else z1 = 0
with probability ﬁ2 : z2 Ω N (0, ‡2 ),
else z2 = 0
pick uj ≥ U (0, 1)
if uj <CR or j = R
x̃ij = xaj + (F + z1 )(xbj ≠ xcj + z2 )
else x̃ij = xij
if PTIT (x̃i ) > PTIT (x̃i )
ỹi = x̃i
else ỹi = xi
end for
end for
In g = G find yi = {ỹi |max{PTIT,CC (ỹ1 ), . . . , PTIT,CC (ỹP 2 )}}

Where the P 2 portfolios of the initial population lie in the set of Dk , which is defined
to contain exactly K positive weights (see section 9.2). The other formulations are
directly comparable to the formulations in this thesis.
The following list illustrates the the unclear/inconsistent parts of algorithm 6 and the
descriptions in Grishina et al. (2016), which had to be addressed in order to get the
replication (algorithm 3):
• x̃ij = vaj +(F +z1 )(xbj ≠xcj +z2 ) in the text description is assumed to be a typing
error, i.e. it should be xaj instead of vaj , since vaj has not been defined and the
pseudo-code description includes xaj in a comparable way to the operation as
described in Storn et al. (1997). Additionally, in the descriptions in Grishina
(2014, p. 40), v is used as the symbol for all vectors of the equation.
• Definition of "P":
In the paper’s text description, P is simply defined as the parameter P œ N
determining the initial population size P 2 , with no further explanation. This
definition does not make sense with its usage in line 3, where it most likely is
used as a descriptor of the "current" population, similar to the role of xi in line 5.
It is highly unlikely that it is meant to describe the population size as in line 1,
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since the output of the loop ỹ has the size P 2 . The notation is most likely just
carried over from Homchenko et al. 2013, which is cited in the text and in fact
denotes their current population as P . For clarity in this thesis, the notation
for the size of the populations is changed to S = P 2 .
• Missing normalization:
In order for the solution of the differential evolution, i.e. the optimal portfolio, to
satisfy the constraints set in eqs. (28b) to (28e), one of the following is necessary:
– The portfolios of the initial population all satisfy the conditions and
the mutation/crossover operations under no circumstance can change the
weights in such a way that the conditions are not met anymore.
– An appropriate step to filter out portfolios that do not satisfy the conditions
is included, such that only the portfolios satisfying the conditions are
transferred to the next population
– An appropriate normalization step is included after the manipulations to
change the portfolio to adhere to the conditions.
Neither of the above is the case in the pseudo-code of the differential evolution
algorithm by Grishina et al. 2016. As an example, if xaj = 0.01, xbj < xcj ,
z1 = z2 = 0 F = 0.05, then the resulting transformed weight x̃ij < 0.01 will be
under the limit set in eq. (28c), i.e. the lower buy-in threshold 0.01, making the
portfolio not a valid solution to the problem. The replication algorithm thus
includes normalization steps based on descriptions of the normalization steps
for the genetic algorithm in Grishina et al. (2016) and other constraint-checks
as described by Grishina (2014).
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